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Abstract. We study the double Compton (DC) process for a wide range of particle energies,
extending previous treatments well beyond the soft photon limit, employing both numerical
and analytical methods. This allows us to investigate the physics of the DC process up to the
highly relativistic regime relevant to electromagnetic particle cascades in the early Universe
and photon-dominated astrophysical plasmas. Generalized exact analytic expressions for
the DC emissivity in the soft photon limit are obtained. These are compared to existing
approximations, for the first time studying the ultra-relativistic regime. We also numerically
integrate the full DC collision term calculating the DC emissivity at general particle energies.
A careful treatment of DC infrared divergences inside astrophysical plasmas, including subtle
effects related to the presence of stimulated DC emission, is discussed. The obtained results
can be efficiently represented using the code DCpack, which also allows one to compute average
emissivities for general incoming electron and photon distributions. This puts the modelling of
the DC process inside astrophysical plasmas on a solid footing and should find applications in
particular for computations of the cosmological thermalization problem in the early Universe.
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1 Introduction
The double Compton (DC) process is an O(α3) electron-photon interaction that can be
thought of as a Compton scattering event associated with the production or destruction of
an extra real photon [1]. As such, DC scattering is physically similar to the Bremsstrahlung
(BR) process, being the first order radiative correction to the Coulomb interaction. Together,
the DC and BR processes are responsible for the emission and absorption of photons in many
astrophysical plasmas, playing a crucial role in controlling their number density.
An important distinction between DC and BR is how their emissivity scales with the
number density of and energy of the scattering particles. DC is enhanced for faster electrons,
whereas BR is suppressed. Similarly, DC depends of the presence of seed photons together
with free electrons to operate, while BR is present whenever there are free electrons and
ions. Consequently, DC becomes important at high temperatures and in photon-dominated
plasmas [2–4]. Thanks to the large excess of photons over baryons in our Universe, at high
enough redshift (z > 3 × 105 in the standard cosmological model), DC scattering is more
likely to happen than BR emission [5]. The DC process is therefore highly relevant for the
cosmological thermalization process in the early universe [5–8], and similarly, close to compact
objects or broadly photon-dominated plasmas, e.g., found in gamma ray bursts and accretion
flows, affecting the thermodynamics of these systems [9].
This paper aims at providing a quasi-exact description of the DC emission process,
putting it on a solid footing for applications in cosmology and astrophysics. We develop the
code DCpack, which allows one to accurately represent the DC emissivity over a very wide
range of photon and electron energies. Together with recent detailed works on Compton scat-
tering [10] and BR [11], this covers the most important processes relevant to the evolution
of primordial spectral distortions [e.g., 6, 8, 12, 13], even under extreme conditions and tem-
peratures. For the cosmological thermalization problem, we are mainly interested in covering
mildly relativistic energies (up to ' 1 MeV) that allow us to exactly describe the DC emissiv-
ity in all cosmological epochs up to well before the µ-era, i.e., redshifts z . 109. However, our
general results describe interactions up to much higher energies, relevant to decaying particle
showers, early-universe magnetic fields, primordial black holes and other non-standard energy
injection processes. As we will see, it is actually in the latter cases that the exact solutions
calculated here deviate the most from the approximations previously used in the literature.
The matrix element for the DC process was first derived by Mandl and Skyrme [1].
As already noted there, a general analytic discussion of the properties of DC scattering cross
section is difficult due to the large number of scattering angles involved, and a numerical study
ultimately is more instructive. The improvements in the computing power make carrying out
such a program possible today, as indeed anticipated by Mandl and Skyme [1]. However, to
build intuition it is useful to consider a wide range of limiting cases analytically.
The cross section for close to forward scattering of the two emitted photons was first
discussed by [1] in relation to the infra-red catastrophe. The soft photon limit cross section
(see section 3 for more details) for resting electrons (p = 0) was also first considered by [1]
and then used to derive the kinetic equation for the DC process, yielding the Lightman-
Thorne approximation [2, 3]. This was later extended to cases with p > 0 but for ω2 
ω0, ω1 ∧ ω0, ω1  1 [14, 15] and then applied to the cosmological thermalization problem
by [8]. Here we will provide new general soft photon limit expressions assuming only ω2  1.
Extensions beyond the soft photon limit were first analytically discussed by Gould [16] for
resting electrons and assuming ω0  1, while allowing ω2 ' ω0 (see section 4.1). This was
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later numerically generalized to large ω0 and moving electrons in [14], and will be further
extended to ultra-relativistic energies here.
The paper is structured as follows. In section 2 we define the double Compton collision
term, and discuss some preliminary calculation and introduce some quantities that will be
useful throughout the paper. In particular we briefly review how to translate the formalism
that employs the DC scattering matrix element to the DC cross section, by carrying out
all integrals that can be performed analytically in the most general case. We then derive a
simplified expression for the moments of the DC scattering kernel, and finally set the stage
to deal with the isotropic DC emissivity. We approach the general case in a step by step
manner: in section 3 we treat the DC scattering in the soft photon limit. We start by re-
deriving the Lightman-Thorne emissivity [2, 3, 14] in our formalism, which we then generalize
to a newly-found description of the soft photon emissivity for generic initial particle energies.
In section 4, we extend the discussion beyond the soft photon limit, starting from the Gould
formula [14, 16] to then describe the general behaviour of the exact DC collision term. This
is achieved by numerically integrating the exact DC cross section, employing the CUBA
library [17].1 In section 4.2.1, we moreover study divergences related to next to leading
order Compton scattering terms and DC scattering, showing both the successful explanation
developed in the literature [18] and possibly overlooked shortcomings. In section 5 we present
a procedure for separating emission and energy redistribution aspects due to DC scattering,
discussing then at length the implication of the emission term in the scenarios most common
in cosmology. Finally we summarize our findings and draw our conclusion in section 6.
2 Double Compton kinetic equation and emissivity
The double Compton scattering process appears as a first order radiative correction to the
usual single Compton process, with an extra photon being produced in the collision. It is
schematically described by [see also 14]
e−(P ) + γ(K0)←→ e−(P ′) + γ(K1) + γ(K2) , (2.1a)
e−(P ) + γ(K2)←→ e−(P ′) + γ(K0) + γ(K1) , (2.1b)
where P ′ ≡ (γ′,p′) and Ki ≡ (ωi,ki) denote the four-momenta of electrons and photons
respectively.2 Focusing on photon γ(K2), the first reaction in eq. (2.1) describes the DC
emission and absorption processes (EP), while in the second reaction γ(K2) plays the role of
the scattering projectile particle (PP).
The DC collision term, relevant to the time evolution of the photon occupation number,
n(k2), is then given by [e.g., 14]
∂n(k2)
∂t
∣∣∣∣
DC
≡ (2pi)
4
2ω2
∫
dΠ dΠ′ dΓ0 dΓ1 δ(4)(P +K0 − P ′ −K1 −K2)
×
[
|Mγ0γ1γ2 |2 Fγ0γ1γ2 −
1
2
|Mγ2γ1γ0 |2 Fγ2γ1γ0
]
,
(2.2)
1http://www.feynarts.de/cuba/
2Energies and momenta will be expressed in units of mec2 and mec respectively. For electrons this im-
plies, γ = E/mec2 =
√
1 + p2 for its energy, where γ is the Lorentz-factor and p = pphys/mec the electron
momentum. For photons, we use ωi = hνi/mec2 to denote its energy, where νi is the photon frequency.
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where the phase space differential volumes are defined as
dΓi ≡ d
3ki
(2pi)3 2ωi
, dΠ ≡ d
3p
(2pi)3 2γ
, dΠ′ ≡ d
3p′
(2pi)3 2γ′
. (2.3)
The double Compton S-matrix element, Mγ0γ1γ2 , is given in Appendix A and Fγiγ1γj is the
statistical factor of the process:
Fγiγ1γj ≡ feni(1 + n1)(1 + nj)− f ′en1nj(1 + ni) , (2.4)
where fe = fe(p), fe = fe(p′) and ni = n(ki) denote the electron (fe) and photon (n)
distribution functions. Note that we omitted the negligible Pauli blocking, and that the order
of the photon labels in F andM is important to distinguish the two reactions in eq. (2.1).
We point out that in full equilibrium necessarily Fγiγ1γj = 0, and this relation can
only be satisfied if the temperatures of photons and electrons match and the photons have
a Planck distribution. If Compton scattering were the only interaction among electrons and
photons, the distributions of both would relax to the same Compton collision temperature;
however, the photons attain a non-vanishing constant chemical potential, which prevents the
DC statistical factor from vanishing. Only through number changing interaction such as DC
and BR the chemical potential can be erased, reaching full equilibrium [e.g., 6, 7].
One can further simplify the expressions by explicitating the differential DC cross section.
With the DC matrix element X defined in Appendix A, it is given by [cf. 19, eq. 11-38]
d8σγ0γ1γ2DC
d8Λ
=
α r20
(4pi)2
ω1 ω2
gø0γ γ′ ω0
X∣∣∣∂(ω1+γ′)∂ω1 ∣∣∣ =
α r20
(4pi)2
ω1 ω2
gø0γ ω0
X
λ1 + ω0α01 − ω2α12 (2.5)
for the reaction e+ γ0 ↔ e′ + γ1 + γ2. We introduced d8Λ = d3p d3k0 d2kˆ1 as shorthand for
the total differential. Also, αij = Kˆi · Kˆj = 1− kˆi · kˆj = 1− µij and λi = P · Kˆi = γ − pµei
with µei = pˆ · kˆi, and we introduced the Møller relative speed, gøi = Pˆ · Kˆi = λi/γ = 1−β µei ,
of the incident electron and photon, with the dimensionless electron speed β = |v|/c = p/γ.3
The differential, ∂ω1(ω1 + γ′) = γ′−1(P +K0 −K2) · Kˆ1 appears after eliminating the Dirac
δ-function. Also, α = e2/4pi ≈ 1/137 denotes the fine structure constant and r0 = α/mec2 ≈
2.82× 10−13 cm is the classical electron radius.
With this definition, the kinetic equation (2.2) can be integrated over dΠ′ and dω1,
resulting in [see also 14]:
∂n(k2)
∂t
∣∣∣∣
DC
≡ 1
ω22
∫
d3p
(2pi)3
d3k0 d
2kˆ1
[
gø0
d8σγ0γ1γ2DC
d8Λ
Fγ0γ1γ2 −
ω22
ω20
gø2
2
d8σγ2γ1γ0DC
d8Λ
Fγ2γ1γ0
]
. (2.6)
Hereafter, p′ and ω1 are determined by
p′ = p+ k0 − k1 − k2 , (2.7a)
ω1 =
P ·K0 − P ·K2 −K0 ·K2
(P +K0 −K2) · Kˆ1
=
λ0ω0 − λ2ω2 − ω0ω2α02
λ1 + ω0α01 − ω2α12 , (2.7b)
that simply reflect energy and momentum conservation.
3Note that in the following an additional hat above 3- and 4- vectors indicates that they are normalized
to the time-like coordinate of the corresponding 4-vector.
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It will prove useful in the following to assign some labels to the various terms that
appear in eq. (2.2) according to the scheme in eq. (2.1): reaction evolving from left to right
will be labelled as forward processes (→), and the opposite will be backward processes (←).
Furthermore, in events relative to eq. (2.1a), the tracked photon γ2 is the emitted particle
(EP), whereas in eq. (2.1b) it is the projectile particle (PP). In practice we have
∂n(k2)
∂t
∣∣∣∣
DC
≡ ∂n(k2)
∂t
∣∣∣∣EP →
DC
− ∂n(k2)
∂t
∣∣∣∣EP ←
DC
− ∂n(k2)
∂t
∣∣∣∣PP →
DC
+
∂n(k2)
∂t
∣∣∣∣PP ←
DC
, (2.8)
where we introduced the individual terms
∂n(k2)
∂t
∣∣∣∣EP →
DC
≡ 1
ω22
∫
d3p
(2pi)3
d3k0 d
2kˆ1gø0
d8σγ0γ1γ2DC
d8Λ
fen0(1 + n1)(1 + n2) , (2.9)
∂n(k2)
∂t
∣∣∣∣EP ←
DC
≡ 1
ω22
∫
d3p
(2pi)3
d3k0 d
2kˆ1gø0
d8σγ0γ1γ2DC
d8Λ
f ′en1n2(1 + n0) , (2.10)
∂n(k2)
∂t
∣∣∣∣PP →
DC
≡ 1
2
∫
d3p
(2pi)3
d3k0 d
2kˆ1
gø2
ω20
d8σγ2γ1γ0DC
d8Λ
fen2(1 + n0)(1 + n1) , (2.11)
∂n(k2)
∂t
∣∣∣∣PP ←
DC
≡ 1
2
∫
d3p
(2pi)3
d3k0 d
2kˆ1
gø2
ω20
d8σγ2γ1γ0DC
d8Λ
f ′en0n1(1 + n2) . (2.12)
Studying the DC collision terms in all generality is quite difficult. However, we can simplify
the situation by assuming that the particle distributions are isotropic. Then all reactions
only affect the spectrum of the average photon distribution, n(ω) =
∫
n(k)d
2kˆ
4pi and the av-
erage electron momentum distribution, fe(p) =
∫
fe(p)
d2pˆ
4pi . Caveats related to the infrared
divergence of the DC process also deserve additional attention, as we explain in section 4.2.1,
however, we shall gloss over them until then.
2.1 Moments of the DC collision term
If we are interested in the net photon production rate the expressions simplify noticeably,
because we do not need to treat the EP and PP contributions in eq. (2.9) to (2.12) separately.
The net photon production rate is defined by the zeroth moment of the DC collision term
∂NDC
∂t
≡
∫
d3k2
(2pi)3
∂n(k2)
∂t
∣∣∣∣
DC
. (2.13)
Inserting eq. (2.6) and renaming k0 → k˜2, k2 → k˜0 in the second term in the square brackets,
after dropping the tildes, yields
∂NDC
∂t
=
1
2
∫
d3k2
(2pi)3
[
∂n(k2)
∂t
∣∣∣∣EP →
DC
− ∂n(k2)
∂t
∣∣∣∣EP ←
DC
]
. (2.14)
In contrast to single Compton scattering, the DC process leads to ∂tNDC 6= 0, unless full
thermal equilibrium is reached. In that case, we have Fγ0γ1γ2 = 0, and therefore no evolution
due to the DC scattering occurs. The overall 1/2 factor derives from the fact that in each
collision two photons are created, but also one photon is destroyed: the number of additional
photons is thus half of the emitted ones. Below, we can avoid needing this factor by only
considering the emitting photon contribution.
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For completeness, we point out that the same procedure can be applied to the DC
moments,Mk, of any order k:
Mk ≡
∫
d3k2
(2pi)3
ωk2
∂n(k2)
∂t
∣∣∣∣
DC
, (2.15)
which after some rearrangements can be rewritten as
Mk = 1
2
∫
d3k2
(2pi)3
d3p
(2pi)3
d3k0 d
2kˆ1
(
2ωk2 − ωk0
) gø0
ω22
d8σγ0γ1γ2DC
d8Λ
Fγ0γ1γ2 . (2.16)
In particular, to the net energy transfer,M1, is given by
∂ρDC
∂t
=
1
2
∫
d3k2
(2pi)3
d3p
(2pi)3
d3k0 d
2kˆ1 (2ω2 − ω0) gø0
ω22
d8σγ0γ1γ2DC
d8Λ
Fγ0γ1γ2 . (2.17)
In the present paper, we will not discuss the contributions of the double Compton scattering
to the energy transfer in more detail, leaving it to future work. We anticipate, however, that
expressing the moment as in eq. (2.16) simplifies their calculation, as it will prove useful in
writing refined evolution equations using a Fokker-Planck approach.
2.2 Isotropic DC emission without stimulated terms
To discuss the phenomenology of the DC emissivity, it is very helpful to consider the emitted
particle forward scattering, eq. (2.9), separately: the other processes, as long as stimulated
emission is negligible, can be obtained by remapping variables. In addition, they can only
have significance if a bath of ambient photons spanning various energies is already present.
For isotropic media, fe(p) = fe(p) and n(k) = n(ω), such that we can further simplify
the expression. Neglecting stimulated DC emission, we find
∂n(ω2)
∂t
∣∣∣∣EP →
DC
≡ 1
ω22
∫
p2 dp
2pi2
fe(p)
∫
ω20 dω0 n(ω0)
∫
d2pˆ
4pi
d2kˆ0 d
2kˆ1 gø0
d8σγ0γ1γ2DC
d8Λ
. (2.18)
If we furthermore assume that both the incident electrons and photons are monoenergetic,
we can next insert
fe(p) = 2pi
2Ne
δ(1)(p− p¯)
p2
, n(ω0) = 2pi
2N0
δ(1)(ω0 − ω¯)
ω20
, (2.19)
normalized such that Ne =
∫ d3p
(2pi)3
fe(p) and N0 =
∫
d3k
(2pi)3
n(k), into eq. (2.18), which yields
∂n(ω2)
∂t
∣∣∣∣m
DC
≡ 2pi2 NeN0
ω22
∫
d2pˆ
4pi
d2kˆ0 d
2kˆ1 gø0
d6σγ0γ1γ2DC
d6Λ
. (2.20)
Since for isotropic incident particle distributions the DC emission is also isotropic we are
free to choose any of the particles as a reference. In some cases discussed below, it is most
convenient to align the z-axis with the incident electron and then carry out all the angle
averages. In this case, d2pˆ → d2kˆ2 without changing the final result. This can also be
thought of as additionally averaging the DC emission rate over d2kˆ2 and then dividing by 4pi.
With this perspective, one can always chose the best reference to reduce the dimensionality
of the problem. We also note that, although there are formally 6 remaining integrals in
eq. (2.20), one of the azimuthal integrals always becomes trivial, leading to a factor of 2pi
due to symmetries of the scattering process. One is thus left with 5 integral over angles, that
generally have to be solved numerically.
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3 DC emissivity in the soft photon limit (ω2  ω0, ω1)
Of particular importance in physical applications of the DC process is the soft photon limit,
in which γ(K2) is very soft compared to γ(K0) and γ(K1).4 In this regime, γ(K1) can be
thought of as a scattered Compton photon, while γ(K2) is produced well outside the energy
regime accessible by single Compton scattering. For p = 0, the DC cross section for the
reaction e + γ0 → e′ + γ1 + γ2 factors into the usual Compton cross section σC and a soft
photon modulation factor [1, 19, 20]. Similarly, the expression in the lab frame (where p > 0)
can be found as
d8σsoftDC
d8Λ
=
α
4pi2ω2
d5σC
d5ΛC
[
2(1 + λ0ω0 − λ1ωC1 )
λ2T2 −
1
T 22
− 1
λ22
]
, (3.1)
where T2 = λ2 + ω0α02 − ωC1 α12 and ωC1 = λ0ω0λ1+ω0α1 is the scattered photon energy in the
single Compton limit (i.e., setting ω2 = 0). We furthermore defined the Compton scattering
differential cross section as [19]
d5σC
d5ΛC
=
3σT
16pi
[
ωC1
λ0ω0
]2 [
λ1ω
C
1
λ0ω0
+
λ0ω0
λ1ωC1
−
(
2
λ1ωC1
− 2
λ0ω0
)
+
(
1
λ1ωC1
− 1
λ0ω0
)2]
, (3.2)
with d5ΛC = d3pd2kˆ1. We remark that so far the only approximation used to derive eq.
(3.1) is ω2  ω0, ω1.
3.1 Lightman-Thorne approximation (p = 0 ∧ ω0  1)
From eq. (3.1) it is easy to obtain the Lightman-Thorne approximation for the DC emissivity
[2, 3]. First, we should assume resting electrons (p = 0 ↔ λi = 1) and then only keep terms
to the lowest order in ω0  1. The soft photon cross section then reduces to [2, 3, 14, 15]
d8σsoftDC
d8Λ
∣∣∣∣
L
=
α r20
4pi2
ω20
ω2
(1 + µ201)
[
1− µ01 − (µ12 − µ02)
2
2
]
. (3.3)
Using the relation µ01 = µ02µ12 + cos(φ02 − φ12)(1 − µ202)1/2(1 − µ212)1/2, after integrating
over all angles, we obtain the usual Lightman-Thorne result for the DC emission spectrum of
resting electrons and soft, monochromatic and isotropic incident photons (without stimulated
scattering) [14]
∂n(ω2)
∂t
∣∣∣∣em
L
=
∫
d3p
(2pi)3
d3k0 d
2kˆ1 gø0
d8σsoftDC
d8Λ
fe(p)n(k0) = 2pi
2 4α
3pi
σTNeN0
ω20
ω32
. (3.4)
This result can also be obtained directly from eq. (2.20) after inserting eq. (3.3). For clarity, we
point out that the prefactor 2pi2 comes from that we are considering isotropic monoenergetic
photons (eq. (2.19) and discussion around it).5
4Alternatively one could also choose K1 to be the soft photon without loss of generality.
5Moreover, we remind the reader that the classic Lightman-Thorne scattering rate was expressed as
∂n(x2)
∂t
∣∣∣em
L
= 4α
3pi
σTNe
θ2
x32
[1 − n(x2)(ex2 − 1)]
∫
dxx4n(x)[1 + n(x)], using the quantities we will introduce
later on in section 5. Such expression was derived in the original papers following the same step we discussed
before, assuming thermally distributed photons and electrons, and assuming that ω2  ω0 implies ω1 ≈ ω0
as can be inferred from the last integral.
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3.2 Lightman-Thorne approximation for moving electrons (p ≥ 0 ∧ ω0  1)
Still in the limit of ω2  ω0, ω1 we can generalize the previous result to take into account
initial electrons with general isotropic momentum distribution. Starting from eq. (3.1) and
keeping only lowest order terms in ω0  1 (i.e., O(ω20)) but allowing p > 0, we obtain [14, 15]
d8σsoftDC
d8Λ
∣∣∣∣mov
L
=
αr20
4pi2
ω20
ω2
[
2λ0λ1 (λ0λ1 − α01) + α201
]λ0λ1λ22α01 − 12 (λ1α02 − λ0α12)2
λ20λ
6
1λ
4
2
. (3.5)
This naturally reduces to eq. (3.3) for λi = 1. Integrating over all angles, with eq. (2.20) we
then find [14, 15]6
∂n(ω2)
∂t
∣∣∣∣em
L,mov
= (2p2 + 1)
∂n(k2)
∂t
∣∣∣∣
L
. (3.6)
As we will show below, even for ω0  1 this expression breaks down once 4pω0 & 1, a
transition that similarly happens in single Compton scattering [e.g., 10, 21]. However, we will
now derive more general expressions, valid in those cases.
3.3 General soft photon formulae (arbitrary p, arbitrary ω0)
An exact generalization to arbitrary ω0 and p was not obtained so far. In [14, 15], higher
order correction terms were derived using explicit Taylor series expansions of eq. (3.1). The
approximations converge quite slowly but the leading order terms allowed finding improved
approximations using an inverse Ansatz [14, 15]. Here we generalize the treatment to arbitrary
incident photon and electron energies by analytically carrying out additional integrals over
the soft photon directions. The final general expression then only contains three additional
angle averages which greatly reduces the numerical treatment. For resting initial electrons,
one can furthermore obtain a full analytic expression for the DC emission spectrum; for
ultrarelativistic electrons only one integral remains.
Aligning the z-axis with the incident electron, without loss of generality we can compute
the average over the soft photon directions d2kˆ2 instead of d2pˆ for the incident electron.7
This means that in eq. (3.1) only the second factor is directly affected. After some admittedly
tedious algebra one finds〈
d8σsoftDC
〉
2
d8Λ
=
∫
d8σsoftDC
d8Λ
d2kˆ2
4pi
=
α
2pi2ω2
d5σC
d5ΛC
[
∆0
p0
ln (∆0 + p0)− 1
]
(3.7)
where ∆0 = 1 + λ0ω0 − λ1ωC1 , p0 =
√
∆20 − 1 and we again used the differential Compton
cross section given in eq. (3.2). For p = 0, this directly simplifies to what was given in [1]
aside from an extra factor of 1/4pi from our definition. With this result, we can now compute
the general DC emission spectrum with the only assumption that ω2  1. For given p and
ω0, with eq. (2.20) and eq. (3.1), we find the explicit expression for the soft photon spectrum
∂n(ω2)
∂t
∣∣∣∣em
DC, soft
= Gsoft(ω0, p)
∂n(ω2)
∂t
∣∣∣∣
L
, (3.8a)
Gsoft(ω0, p) =
9
64pi
1
ω20
∫
dµe0 dµe1 dφe1
λ0
γλ21
F
(1 + ξ)2
[
1 + (1 + ξ)2
1 + ξ
− 2ξ
λ0ω0
+
ξ2
λ20ω
2
0
]
, (3.8b)
6Here it is most convenient to use the electrons as a reference.
7As already stated, this is equivalent because we are considering isotropic distributions.
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where F(µe0, µe1, φe1) = ∆0p0 ln (∆0 + p0) − 1, ξ = ω0α01/λ1, and λi = γ − pµei. Here, we
introduced the soft photon correction factor, Gsoft(ω0, p), relative to the Lightman-Thorne
approximation for resting electrons. To calculate α01 = 1−µ01 one has to use µ01 = µe0µe1 +
cos(φe1)(1 − µ2e0)1/2(1 − µ2e1)1/2 were we assumed φe0 = 0 without loss of generality. The
remaining three integrals in general can be carried out numerically, as we discuss below. The
newly found eq. (3.8) is one of the central results of this paper, as it allows us to easily and
reliably calculate the true scaling of the soft photon emissivity, which could have a big impact
on thermalization of high energy particles recently considered by [22].
3.3.1 General expressions for resting electrons (p = 0, arbitrary ω0)
For resting electrons, the integrals in eq. (3.8) can be carried out analytically. The derivation
is tedious and requires a term-by-term procedure, but the final result can be expressed as
Gsoft(ω0, p = 0) = −27− 45χ+ 405χ
2 + 45χ3
128ω40χ
2
+
[
27− 45χ+ 306χ2 + 774χ3 + 243χ4 − 9χ5
χ2(3 + χ)
+ 9(1 + 6χ− χ2) lnχ
]
lnχ
128ω50
+
9ζ(7− 30χ− 24χ2 − 2χ3 + χ4)
64ω60(3 + χ)
2
[
lnχ ln
(
2ζ + [1 + 4ζ2]δ+
)
+ Re
{
Li2(δ−)− Li2(δ+) + Li2(χδ−)− Li2(χδ+)
}]
(3.9)
with χ = 1+2ω0, ζ =
√
ω0(2 + ω0) and δ± = 1+ω0±ζ, and where Li2(x) is the dilogarithm.
It is useful to consider the limiting cases of this expression.
Taking the limit for ω0  1 directly from eq. (3.9) turns out to be difficult. However,
one can expand eq. (3.7) for p = 0 into orders of ω0  1 and then directly carry out the
average over dµ01. Also multiplying by 4pi for the trivial integrals, one then obtains
Gsoft(ω0, p = 0) ≈ 1− 21
5
ω0 +
357
25
ω20 −
7618
175
ω30 +
21498
175
ω40 −
80242
245
ω50 +
41000
49
ω60 (3.10)
in agreement with [14, 15] (although we added a couple of terms here). For completeness we
also give the simple inverse Ansatz approximation [14, 15]
Ginvsoft(ω0, p = 0) ≈
1
1 + 215 ω0 +
84
25ω
2
0 − 2041875 ω30 + 96634375ω40
, (3.11)
which works well up to ω0 ' 1. For ω0  1, these expressions can be quite useful, as
the integrals in eq. (3.8) can become numerically unstable. Additional approximations for
ω0, p 1 are given in [14, 15]. These can also be directly obtained from eq. (3.8) by expanding
in orders of p 1 and ω0  1 and afterwards performing the integrals, however, we refer the
reader to [14, 15] for the corresponding analytic expressions.
For ω0  1, from eq. (3.9) we find
Gsoft(ω0, p = 0) ≈ 3(10.6 + 12 lnω0) lnω0 − 99.4
64ω30
, (3.12)
which asymptotes to the full result a high energies. Obtaining additional correction terms
O(ω−40 ) is straightforward but does not improve the range of applicability by much.
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3.3.2 Ultra-relativistic electrons (p 1, arbitrary ω0)
The integrals in eq. (3.8) get harder to evaluate numerically for p ω0 as they present sharper
and sharper poles at the boundaries of the allowed angular configurations. It can thus be
beneficial to have an approximate expression valid for ultrarelativistic electrons. A brute force
approach trying to simply expanding the integrand around p→∞ remained unsuccessful. It
is better to follow the procedure employed in [21] for normal Compton scattering and start
in the electron rest frame where it is clear the most of the incoming photons arrive from a
very narrow range of angles, θ ' 1/γ, in the direction of the motion of the electron. Then
only µ01 matters and azimuthal averages becomes trivial. After transforming back into the
lab frame, the polar integral over the scattered photon, γ1, is furthermore converted into a
frequency integral, ω1 ∈ {ω0, 4ω0γ2/(1 + 4ω0γ)}. After some algebra, one can find
Gursoft(ω0, p) ≈
3
32
1
γ6ω40
∫
dω1
δ2
{
ω0
(
ω1
ω0
− 4γ2δ
)[
ω1
ω0
+ 3γ2(1 + δ2)
]
− 2ω31 ln
(
ω1
4γ2ω0
)
+ ω0
[
ζ
(
6γ4δ(1 + δ2)− 2γ2(1− 5δ + δ2)ω1
ω0
− ω
2
1
2ω20
)
− 3γ2ω1
ω0
δ ln Ξ
]
ln Ξ
+
[
7γ3(3δ − 1) + 6γω21 +
5
2
ω31 + 3γ
2ω1δ ln δ
]
ln δ
}
, (3.13)
with δ = 1−ω1/γ, ζ =
√
1 + 1ω0ω1 and Ξ = 1 + 2ω0ω1(1 + ζ). This expression converges very
quickly in the ultra-relativistic regime and should be preferred over eq. (3.8) for numerical
applications. We confirmed the result with the full numerical integration enforcing high
precision numbers when evaluating eq. (3.8) (see figure 1).
3.4 Illustrations of the soft photon emissivity
In figure 1 we illustrate the soft-photon correction factor for various combinations of the inci-
dent electron and photon energies. Assuming p = 0, the DC emissivity drops with increasing
ω0. Part of this suppression is naturally expected as also the Compton scattering probability
is known to decrease in the Klein-Nishina regime. However, DC receives additional modifica-
tions due to the angular modulation factor, F , in eq. (3.8). For comparison, also the inverse
formula, eq. (3.11), and the ultra-relativistic approximation, eq. (3.12), are shown. The in-
verse formula underestimates the soft-photon DC emissivity at large ω0 (which is outside its
limits of validity) where the ultra-relativistic approximation becomes very accurate.
In the right panel of figure 1 we show the soft-photon correction factor when varying the
electron momentum. At p 1, we can observe the suppression of the overall DC emissivity
with ω0, as also mentioned above. For ω0  p, one finds Gsoft ' 2p2 + 1, which grows with p.
However, at p ' 1/[4ω0], additional suppression starts to dominate, as the incident photon is
boosted to ω′0 ' γω0 in the electron’s rest frame. We confirmed that eq. (3.8) shows excellent
agreement with the full numerical result as long as the soft-photon regime is considered.
Usually, this is valid at ω2 . [10−3−10−2]ω0(γ−p)/(γ+p+2ω0), i.e., well below the minimal
energy accessible by the corresponding Compton event [10]. For numerical applications it is
beneficial to pre-tabulate the soft-photon correction factor as needed. This also accelerates
the computation of thermally-averaged emission rates, should they be required.
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Figure 1: Soft photon double Compton emissivity for various particle energies. – left panel: p = 0
and varying ω0 according to eq. (3.9). We numerically confirmed the result. For comparison we also
show the inverse approximation, eq. (3.11), and the ultra-relativistic approximation, eq. (3.12), which
both work very well in their respective regimes. – right panel: general result based on eq. (3.8) together
with the simple approximation Gsoft ' 2p2 + 1 valid for 4pω0  1. For confirmation, the squares
were numerically computed from the general DC expression, eq. (2.20). At large electron momenta,
the result obtained using the ultra-relativistic formula, eq. (3.13), match exactly the general result.
4 Beyond the soft photon limit (arbitrary ω2)
In this section, we study the DC process going beyond the soft photon limit, i.e., making no
simplifying assumption about the energy of the tracked photon with respect to the others.
One of the first studies in this directions was carried out by Gould [16], who assumed p = 0
and ω0  1 while allowing the whole range ω2 ∈ (0, ω0). We will recap their main findings in
section (4.1). This case was later generalized to moving electrons and larger photon energies
[14], and will be illustrated and further extended in section 4.3. Difficulties regarding the
treatment of the infrared divergence for ω1 → 0 will be explained in section 4.2.1.
4.1 Gould formula (p = 0 ∧ ω0  1)
To obtain the DC cross section that is required to compute the Gould formula [16], we assume
p = 0 and define w2 ≡ ω2/ω0. After expanding the cross section to lowest order in ω0  1,
it becomes a polynomial in α01, α02 and α12. If we use γ2 as reference, then only µ01 has
any azimuthal dependence and we can directly integrate over d2kˆ1. After a few algebraic
manipulations we find the required cross section
d6σGouldDC
d3p d3k0
=
3ασT
160pi
ω0
y
[
2y2
w22
(
3− 7w2 + 13w22 − 7w32 + 3w42
)
+
(
11− 21w2 + 30w32 − 21w52 + 11w62
)
[2− α02]α02 − 10w32(1− α02)α202
]
,
(4.1)
with y = w2(1−w2). This expression will also be used to obtain a Lightman-Gould approxi-
mation for anisotropic incident photons in a forthcoming paper [23].
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To obtain the DC emissivity in the Gould limit, we carrying out the remaining integrals,
finding [14, 16]8
∂n(ω2)
∂t
∣∣∣∣
G
= w2HG(w2)
∂n(ω2)
∂t
∣∣∣∣
L
, (4.2a)
HG(w2) =
1− 3y + 32y2 − y3
y
. (4.2b)
This shows that the Gould factor, HG(w2), is fully symmetric under the exchange of the two
emitted photons. It exhibits two poles, one as w2 → 0 and the other at w2 → 1. Both poles
are related to the infrared divergence of the DC process, as we will discuss in section 4.2.1.
Furthermore, in the Gould limit, the scattered electron is produced at rest; such that
ω0 = ω1 + ω2. This is because recoil was neglected, but even for ω0  1, this is never
exact. Nevertheless, for sufficiently small ω0 a combination of the soft-photon correction
term, Gsoft(ω0, p), and the Gould-factor, w2HG(w2), provides a good approximation for the
DC emissivity [14], as we also illustrate below.
4.2 Departures from the Gould limit (p = 0, arbitrary ω0)
Even for resting electrons, the Gould formula is only valid for ω0  1. This is already
evident from the soft photon correction term, Gsoft(ω0, p = 0) in eq. (3.8), which exhibits a
significant suppression of the DC emissivity with increasing ω0. In addition, recoil corrections
are expected to become significant at ω2 & ω0/(1 + 2ω), as the scattered electrons carries
away a portion of the energy [14].
Treating the problem analytically proves difficult, as the pole structure of the DC cross
section is rather complicated. However, eq. (2.20) can still be integrated numerically, with
some caveats that we will now discuss. It is useful to describe the general case as a correc-
tion to the generalized soft-photon limit. This then directly links to the Lightman-Thorne
approximation [2, 3], such that one may write
∂n2
∂t
∣∣∣∣rest
DC
= Gsoft(ω0, p = 0)w2H(w2, ω0)
∂n2
∂t
∣∣∣∣
L
, (4.3)
where as before w2 ≡ ω2/ω0 is the fractional energy carried by γ2.9 Notice that unlike in
the Gould limit (initial photon soft and the electron remains at rest after the scattering), in
general the fractional energy of γ1, w1 ≡ ω1/ω0, is no longer such that w1 = 1−w2 but lower,
since some energy is lost to the electron, hence, the system is no longer symmetric under the
exchange w2 ↔ 1− w2.
4.2.1 Infrared divergence of the DC process
It is well-known that the DC cross-section diverges when the energy of either emitted pho-
ton tends to zero [18, 24–26]. This behavior finds its root in the intrinsic relation between
scattering processes with different numbers of photon in the outer legs [19], and also poses
a problem when evaluating the DC collision term, as all energies of γ1 (in our notation) are
integrated over. To consistently cure the issue, the DC process in principle has to be treated
together with the next to leading order (NLO) corrections to the Compton process [18].
8We used
∫
α02 dµ02 = 2,
∫
α202 dµ02 = 8/3 and
∫
α302 dµ02 = 4.
9This definition differs a little from [14] since here we scale out the soft-photon limit, ensuring
w2HDC(w2, ω0)→ 1 at w2  1.
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In this context, one is usually interested in the total Compton scattering cross section
at order α3. NLO corrections display a logarithmic divergence which can be shown to cancel
with the corresponding DC one. Employing a regularization — introducing a photon mass
in the standard approach [e.g. 18]— in the calculation of both cross sections and summing
the two, the dependence on the regularization parameters drops out, leaving a finite radiative
correction at order α3. The drawback of this approach is that the radiative correction cross
section now depends on the energy resolution of the experiment, ωres. The argument to
justify summing the two processes is that below some ωres  1 the experiment is unable to
distinguish contributions from virtual photon emission, relevant to the computation of the
NLO correction, and from real photon emission by DC. Adding all contributions to the total
CS scattering cross section it was found that the correction can exceed the naive ' α/pi level
at sufficiently high energies [25].
To apply these findings to our problem, we first need to ask what plays the role of the
“energy resolution” inside a plasma. This should have to do with the energy-scale at which the
scattering process decoheres due to the presence of external perturbers, ωcoh, [27]. Another
way of saying this is to realize that the particles and their wave-functions are no longer isolated.
One guess for ωcoh would be the energy corresponding to the plasma frequency [9, 28], in our
units expressed as ωpl ≈ 9.0 kHz
√
Ne/cm−3 h/mec2 ≈ 7.3× 10−17
√
Ne/cm−3, or, for moving
electrons, the energy at which the Razin effect becomes relevant, ωRazin ≈ γωpl. Both energies
are usually exceedingly small, such that significant logarithmic contributions can be expected.
Another, natural energy is the self-absorption energy, ωabs, at which the DC emission process
is immediately followed by an absorption event. In this case, the photon distribution should
be extremely close to a blackbody at ω . ωabs. For many astrophysical plasmas, this energy
is expected to be much larger than the plasma frequency (e.g., ω ' [10−3−10−2] kTe/mec2 in
the cosmological thermalization problem [6, 7, 29]). However, unless the absorption directly
occurs on the pair of DC photons and the scattered electron, this definition can only be
applied in an ensemble-averaged sense, thus leaving the fundamental problem unaltered. To
overcome these difficulties, later on in section 5, we will introduce a procedure that allows
us — through appropriate regrouping of terms and a categorization of the emitted photons
according to their energies — to never rely on a particular choice of energy resolution, which
might be difficult to determine.
Thinking of the DC process inside plasmas, another aspect seems to becomes evident:
radiative corrections can no longer be considered in vacuum. Stimulated effects inevitably
enhance the DC emissivity and in a similar manner radiative corrections should be enhanced
to ensure exact cancellation of the infrared divergencies, as also discussed broadly by [30]. To
consistently add the corresponding corrections we would thus need to consider all differential
contributions to the collision term at order α3, a problem that becomes cumbersome.
To make process, we will assume that a characteristic cutoff energy, ωmin, can be defined,
thus allowing us to regularize the DC collision term. When following the evolution of γ2, this
implicitly means that we have to impose wi > wmini for both i = 1, 2. This leads to conditions
on the scattering angles for γ1 that become relevant when ω2 is close to ω0. With this
approach, we can be sure that the DC contributions to the evolution equation remain finite
and, in the regime of physical relevance, the result should indeed not depend much on the
chosen cutoff (cf. figure 2).10 In addition, radiative corrections to the Compton process
can then be treated separately but shall be neglected in our main discussion as here we
10We will return to this point again later.
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are interested in the production of real photons by DC. In practice for the purposes of our
qualitative description of the DC kernel we will arbitrarily choose a small value of wmini as
a cut-off, also showing what is the effect of changes in this value on the kernel. Where not
stated otherwise we will take wmini = 10
−4.
4.2.2 Constraints on the scattering angles in the Gould limit
To compute the DC emissivity, we need to ensure that ω1 > ωmin. For p = 0, we thus have
ω1 =
ω0 − ω2 − ω0ω2α02
1 + ω0α01 − ω2α12 > ω0w
min
i . (4.4)
For sufficiently small ω2, one has ω1 ' ω0/[1 +ω0α01] > ωmin, such that no constraint on the
scattering angles arises as long as ωmin < ω0/[1 + 2ω0]. Hence in the soft-photon limit one
can always carry out the integrations over all directions. This statement also generalizes to
the case of initially moving electrons, justifying our treatment in the previous sections.
To obtain positive ω1, the numerator and denominator of eq. (4.4) have to be both
positive or both negative, but the latter case is excluded by energy conservation (here ω1+ω2 ≤
ω0). For ω2 < ω0/[1 + 2ω0] ≡ ωCmin (which incidentally is the Compton scattering emitted
photon minimal energy), the numerator of eq. (4.4) is always positive without any restrictions
on µ02, while for ω2 > ωCmin, constraints naturally arise. Assuming for simplicity ωmin = 0,
directly yields µmin02 = max[−1, 1 + 1ω0 − 1ω2 ]. The more general conditions can be directly
derived from eq. (4.4), but are not extremely illuminating (cf. appendix C). We discuss some
of the details in section 4.3, where also the generalization to p > 0 is carried out.
4.2.3 Illustrations for the general DC emissivity (p = 0)
To extend our treatment beyond the soft photon limit we integrate eq. (2.20) numerically.11
To simplify matters and improve the numerical stability we normalize the results by the
Lightman approximation multiplied by the soft photon factor, Gsoft(ω0, p = 0), so that we
only have to consider the proper Gould function correction, that correctly approaches unity
at low w2 according to eq. (4.3). The Gould function is shown in the left panels of figure 2
for different ω0. There we have isolated both the divergence at w2 → 0, and at w2 → 1, the
latter being associated with the energy of the second photon ω1 approaching 0. For small
(ω0 . 10−4) energies of the initial photon we approach correctly the Gould approximation.
This parametrization makes it obvious that the symmetry H(w) = H(1 − w) of the
classic Gould result is lost when the energy of the initial particle is not vanishingly small,
because of the appearance of a back-scattering peak. The peak is located, as we will discuss
in greater detail in section 4.3.2, at w2 = 1/(1 + 2ω0), and can be therefore identified with
the Compton back-scattering peak. Incidentally, since we are considering resting electrons,
the position of the back-scattering peak is degenerate with the minimum fractional energy of
the Compton scattering emitted photon wCmin.
In double Compton events there is the possibility of emitting one photon with finite but
lower than wCmin fractional energy: the higher number of degrees of freedom in the system al-
lows some configurations whose Compton scattering counterpart are kinematically forbidden.
This plays an important role when one considers the interplay of unresolved double Compton
events and radiative corrections to the Compton scattering, as we discuss in section 4.4.
11As a sanity check of the stability of our implementation we compared the results obtained using both the
VEGAS and SUAVE routines of the CUBA package, finding that the first have better performance when we
consider low energy particles, while the latter is more convenient in the other cases.
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Figure 2: Illustrations of the double Compton emissivity, parametrized by w2(1−w2)HDC, for resting
electrons. Notice how for low initial photon energy we recover the Gould result. – Left panel: DC
emissivity for various initial photon energies. – Right panel: dependence on the low-energy cutoff,
ωmin, for ω0 = 0.5. Notice that the x axis switches from logarithmic to linear at w2 = 0.1.
As anticipated, the choice of different infrared cutoffs has a logarithmic impact to the
high energy part of the DC emission spectrum above wCmin. In the right panel of figure 2
we demonstrate the change in the Gould function over a few different orders of magnitude of
wmini . Figure 2 already gives some insight on a property that will be discussed in greater detail
in section 5: the cut-off frequency has a trivial impact on the low energy end of the spectrum
(strictly speaking the spectrum is defined only above the imposed cut-off). In practice, the
probability of emitting a low energy particle that can be resolved is not affected by the cut-off;
using the proper criterion to describe low energy and high energy particle, we will thus be
able to describe the net DC emission rate in a cut-off independent fashion. Moreover, we find
that the emissivity plateaus at small w2. Therefore, after calculating the emissivity for wmini
low enough to reach the constant part, one can just set w2H(w2) = 1 and use the expression
of Gsoft from eq. (3.8) to fully describe the emissivity for any arbitrarily low w2 and wmini .
4.3 General case with moving electrons
As in the previous section, we can evaluate eq. (2.20) numerically, this time assuming electrons
have arbitrary energy. In the same spirit of eq. (4.3), also in this case we can parametrize
the scattering rate as the product of the Lightman-Thorne result times a soft photon limit
DC Gaunt factor and a energy dependent extended Gould function
∂n2
∂t
∣∣∣∣
DC
= Gsoft(ω0, p)w2H(w2, ω0, p)
∂n2
∂t
∣∣∣∣
L
. (4.5)
When we consider moving electrons the phase space becomes more complex, as the integra-
tions over both the initial electron polar and the azimuthal angles are non trivial, effectively
increasing the dimensionality of the problem to 5 independent variables. Despite this, all the
properties of the system that we discussed in the previous section, are retained in this limit.
Equation (2.20), now recast as eq. (4.5), describes how a monochromatic initial photon
distribution is redistributed in energy after a single DC scattering event. After multiplying by
a factor of 1/2 (to avoid double-counting of photons), it can thus be interpreted as a single-
particle scattering kernel. For this reason it is possible to find a relation with the Compton
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scattering kernel [10, and references therein]. Specifically from their eq. (2) it is easy to see
that the combination H(w2)Gsoft(ω0, p) is the double Compton equivalent of their scattering
kernel P (ω0 → ω2, p0), with the understanding that, while P is independent of the photon
distribution, here H Gsoft would in principle depend on the stimulated scattering term, which
we however neglected in this section.12 To more easily shed light on the properties of the
DC kernel, in the following discussion we will, when possible, draw comparisons with the
Compton kernel.
Like in the case of resting electrons discussed in section 4.2.2, the phase space is again
restricted by the energy conservation considerations: ω1, which is the photon we integrate
over, is bounded from below by ωmin and from above by ω1 < γ+ω0−(1+ω2).13 As promised,
we now discuss in greater detail the constraints on energies and angles that determine the
integration boundaries for the DC collision term.
4.3.1 Energy constrains configurations
The energy constraint implies that some constellation are kinematically forbidden, and de
facto introduce some integration boundaries, which can be determined studying eq. (2.7),
i.e., imposing ω1 > wmini ω0,
P ·K0 − P ·K2 −K0 ·K2
(P +K0 −K2) · Kˆ1
> wmini ω0 . (4.6)
Some important remarks ought to be made, as this equation provide good insight into the
problem. In general, the angular boundaries depend on the chosen value of wmini . However,
even for wmini = 0 (which is equivalent to demanding positive energies) there are, in general,
kinematically forbidden configurations. Eq. (4.6) is satisfied if the numerator and the denom-
inator are either both positive or both negative. The latter branch is however to be excluded if
we also consider that the energy must be conserved in the scattering. The maximum possible
fractional energy that can in principle be carried by one emitted photon is
wti ≡
(γ − 1)
ω0
+ 1− wmini , (4.7)
which is achieved when the emitted electron is at rest (γ′ = 1) and the second emitted
photon has fractional energy wmini . We will discuss in the following under which conditions
this maximum-energy-transfer can take place. We found that for any configuration in which
both the numerator and denominator in eq. (4.6) are negative, w1 > wti , and as such, they
are unphysical.
4.3.2 Configurations constrain energy
To gain further insight into the properties of the double Compton kernel, it is helpful to
compare it with a classical elastic scattering. In fact, many of the properties we will highlight
are shared again by the Compton kernel.
If we were consider a 2 body scattering, the minimum and maximum energy transfer
occurs respectively for rear-end and head-on collisions. What are instead the configuration
that minimize or maximize the energy transferred to one of the photons? The minimum
12In the following we will add a subscript C to make clear it refers to the (normal) Compton kernel.
13We anticipate that for some energy configuration, the maximum energy that can be gained by each photon
is even lower, just like for single Compton [10].
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energy is straightforward. Regardless of the energy of the initial particles, the constellation
that minimizes the RHS of eq. (2.7) is µe0 = 1, µ01 = µ02 = −1, which is a rear-end collision
with both emitted photon back-scattering. In this configuration, the fractional energy gained
by the two photons together is
wmin1+2 ≡ (w1 + w2)
∣∣
min =
γ − p
γ + p+ 2ω0
(4.8)
which correspond to the minimum energy of the scattering photon in a Compton scattering.
The minimum energy for the single photon is instead obviously wmini .
To find other possible critical points in the scattering kernel we analyze which config-
urations mark a modification of the physical phase space. From eq. (4.6) with wmini = 0
we see that, for any µ01 the combination µ02 = 1, µe0 = −1 is excluded for w2 > 1 and
µ02 = −1, µe0 = −1 is excluded for w2 > wci , where wci is the frequency of the Compton
back-scattering peak:
wci ≡
γ + p
γ − p+ 2ω0 (4.9)
Features in the kernel, if any, ought to be found on these critical points. We anticipate that
the direct inspection of the numerical results highlight that the Compton back-scattering peak
is not only present in double Compton processes too, but also a singularity.
While wci is always smaller than w
t
i , it is not always the energy end point. For certain
initial energy configuration in fact the maximum energy transfer is not obtained in head-on
scatterings. In these cases, the energy end point coincides indeed with wti . Since the transition
is smooth, we can find which combination of energies of the initial particles generate which
regime by imposing wci = w
t
i and solving for ω0. We find that
ωcrit0 ≡
1
2
[1 + p− γ] (4.10)
is the critical value of the initial photon energy above which the maximum energy transfer
(which is wti) is allowed. The different regimes are summarized in figure 3 as a function
of the initial electron energy, and in figure 4 as a function of the initial photon energy. In
particular, we point out how figure 3 traces exactly figure 1 of [10], with only one caveat: in
the purple region the tracked photon has energy smaller than the minimal one allowed by
Compton scattering; as such this region of emission is not present in the Compton scattering
case. All the other zones are shared by the two processes. In the green region either scattered
photon cannot reach energies higher than the Compton scattering peak wci , while the rest
of the energy is carried by the electron. Vice versa in the red/blue regime the electron can
be produced at rest in the lab frame, and the energy of either photon is bounded by energy
conservation rather than the kinematic of the scattering. The red (blue) region highlight the
configurations above (below) the Compton back-scattering peak.
These consideration allow us to derive a set of boundaries for all the integration variables,
that we explicitly calculate in Appendix C. Given how narrow the integration domain becomes
when ω0 and p are large, this greatly simplifies the numerical evaluation, that would be
straight away unmanageable otherwise.
4.3.3 Illustration of the DC emissivity for general case
As we did in section 4.2.3, we integrate the double Compton kernel numerically to obtain the
Gould function in the case of energetic electrons. To set the stage we start our discussion
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Figure 3: Different regimes of initial and final photon energies that characterize the double Compton
scattering kernel. In the left panel for ω0 = 0.1, in the right panel for ω0 = 1. It is useful to compare
this with figure 1 of [10] as they only differ for the presence of a low frequency tail of emission below
the accessible Compton regime at ≤ ωmin1+2.
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Figure 4: Same as figure 3, this time as a function of the initial photon energy. The energy of the
initial electron is  = 1.2.
comparing the DC kernel with the Compton one [10] in figure 5. As anticipated, the Compton
back scattering peak is still present in the double Compton kernel, and represent a critical
point much like in the Compton case. On the contrary, ω2 = ω0 do not show a cusp as it
does in the case of Compton scattering. Finally we highlight how the DC kernel present a low
energy tail below ωCSmin, in the region where normal Compton scattering has zero emissivity.
An illuminating selection of cases is displayed in figure 6, where in each panel we fix a
value of ω0 and show the effect of increasing the electron momentum p, and in figure 7, where
we do the opposite. The kernel retains the main features it had in the resting electrons limit,
namely, it is correctly normalized to 1 for small w2, it does not display the w ↔ 1−w symmetry
of the Gould limit, and in the configurations for which wci < 1 a cusp in the back-scattering
peak. Notice that in the right column of figure 6 the peak appears as a cusp for wci > 1
because of the logarithmic scale, but it is actually continuous with continuous derivative.
The effect of higher electron energies is a Doppler broadening of the kernel. We highlight how
we limit ourselves to a few orders in magnitude of energy because of the high computational
demand of this calculation. In particular, for high electron energies the integrand becomes
sharply peaked and very difficult to evaluate even with modern computers and algorithms.
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Figure 5: Comparison of the Compton scattering kernel with its double Compton counterpart. Only
the Compton backscattering peak is visible in the DC case, whereas ω2 = ω0 is not, in general, a
critical point.
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Figure 6: Gould function H(w2) for different initial systems. Each panel shows the impact of
electrons with different energies on the same distribution of photons.
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the same distribution of electrons.
4.4 Compton scattering radiative corrections and IR divergences
The problem of divergent cross sections arises when one consider a double Compton event
with a soft emitted photon or next to leading order corrections to a Compton event, as it
is well known in the literature [19]. Already in the first half of the last century, even before
modern quantum field theory was properly formalized, tentative solutions where discussed.
It was later understood that the solution to these problems lies in the relation between the
two processes as they are indistinguishable at energies lower than the system resolution.
Finally its solution has been formulated at all orders in a theoretically sound framework in
the quantum field theory formulation [18, 31–36]. As we are only interested in the order
α3 — we only want to normalize the scattering involving three photons in initial and final
states — we can apply the explicit results for the Compton scattering radiative corrections
from [18, 26, 37] that we report in appendix B. In practice one can calculate the next to
leading order correction to the tree level differential Compton cross section dσLOC introducing
a regularization parameter in the form of a photon mass λ. The Compton cross section
up to order O(α3) is then [18] dσC = dσLOC (1 − UNLOfin − UNLOdiv lnλ) where UNLOfin,div are
finite functions of the initial particle momenta, of which we give an explicit expression in
eq. (B.6). The cross section is therefore divergent for massless photon, but the divergent
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Figure 8: Left — comparison of the scattering kernels for Compton scattering at tree and 1 loop
level (in absolute value), DC scattering, and sum of the latter two contributions. Right — dependence
of the total order α3 contribution to the Compton scattering as a function of the energy resolution.
part can be encapsulated in the term UNLOdiv lnλ. The double Compton scattering can be
similarly expressed as [18] dσDC = dσLOC [V
NLO
fin + U
NLO
div (lnλ − ln 2ωmin)]. If our detector
were to have a energy resolution ωmin = ωres, we could sum the cross sections for the two
undistinguishable process (Compton scattering and double Compton with a photon below
the detector resolution) to obtain a total cross section which is finite in the limit λ → 0:
dσC + dσDC(ω2 < ωres) = dσ
LO
C [1 − UNLOfin + V NLOfin + UNLOdiv (− ln 2ωmin)]. This argument,
valid for actual detectors can be extended to other physical systems, such as the electron-
photon plasma we are interested in, as mentioned above.
In figure 8 we display the leading and next to leading order contributions to the Compton
kernel and the double Compton kernel for a specific choice of initial conditions (p = 0, ω0 =
0.5), but the result generalises to any other. In the left panel we show the interplay among
the various contributions that cancel each other. The Compton scattering emissivity is shown
for reference (dotted line, rescaled by a factor 100). The dashed line is the DC kernel, which
depends on the cut-off (cf. figure 2, right panel), here displayed for wmini = 10
−4. The dash-
dotted line is the Compton scattering 1-loop correction, that has exactly the same dependence
on the cut-off. The sum of the two is the solid line and is independent of wmini = 10
−4 in
the Compton scattering region, as expected and discussed below. Since we are integrating
both order α3 corrections over all energies of the other photon, there is no dependence on any
energy resolution of the system, a fact that will play a role in a future work where we will
discuss the contribution of DC scattering to the net energy transfer.
In the right panel we show instead the dependence of the order α3 correction on the
system energy resolution wres, therefore assuming that resolved DC events do not contribute to
the Compton scattering probability. Considering resolved and unresolved processes separately
forces us to define the system energy resolution on a case by case basis.
We notice that the normalization approach relies on the fact that all divergent con-
tributions at a given order are proportional to the tree level cross section, and as such are
physical on the same initial and final real particle configurations. However, as we discussed,
the double Compton displays a low energy tail below ωCmin, the minimal energy allowed in
Compton scattering. Figure 9 shows how, since below this energy the probability is not com-
pensated by the associated 1-loop Compton scattering counterpart, it still depends on the
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Figure 9: Focused view of the DC kernel, considering the CS radiative corrections, just below the
CS minimal energy ωCSmin. Since the CS kernel is zero on this range of emitted particle energy, the DC
scattering probability is not compensated, and depends on wmini , eventually diverging when wmini → 0.
cut-off, and furthermore logarithmically diverges in ω → ωCSmin when wmini → 0, unless a finite
system energy resolution wres is taken into account. Considering a finite value of wres, is in
practice equivalent to just taking wmini = wres. Beside highlighting the role of the system
energy resolution, we do not propose a full and consistent solution to this residual divergence,
but we point out that a more sophisticated treatment that fully accounts for plasma effects,
and does not relies on asymptotic free particle initial and final states is probably needed to
fully understand the physics. The residual divergence does not constitute a problem as any
physical quantity (e.g., the transferred energy, or the number of emitted photon in a finite
energy interval) is finite as they involve the frequency integral of the logarithmic divergence,
which converges. On top of this we have to consider that in any physical system a lower cutoff
is always present [27] — the finite size of the laboratory, the finite size of the horizon in an
empty universe, and the aforementioned plasma effects in the case that is relevant to us.
5 Isotropic DC Emissivity
In cosmology, the main interest in double Compton scattering comes from the fact that it is
not a photon number conserving process. In the early Universe — as already explained this
applies to other astrophysical environments too — the photon bath thermalizes through the
interaction with the free electrons [7, 8, 12, 13]. At the energies we are interested in (below
the pair production threshold) any energy injected in the photon bath is redistributed among
the photons with different frequency by Compton scattering. Since it is a photon-number
conserving scattering, through this process the photon bath can only relax to a Bose-Einstein
distribution [12]. However, double Compton and Bremsstrahlung cooperate by adjusting the
photon number density —they do so mainly emitting or absorbing low frequency photons—
so that, given enough time, the photons can return to Planckian. In this section we are
therefore interested in quantifying the amount and distribution of the photons newly emitted
or absorbed by double Compton scattering.
In order to simplify the problem both from a conceptual and analytical point of view,
and to make the numerical calculation more manageable, it is helpful to separate its two
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aspects: The double Compton process is intrinsically a correction to a Compton event, and
as such it participates to the energy redistribution, but differs from it in that it emits extra
photons, thereby violating number conservation.
We thus divide the scattering in two parts: a pure emission event and a Compton-like
scattering (CLS) event. The two indistinguishable emitted photons can always be labelled
by their final energy. By tracking separately the evolution of the softer and of the harder
photon, the two parts are automatically distinguished. In practice
∂n(k2)
∂t
∣∣∣∣
DC
=
∂n(k2)
∂t
∣∣∣∣em/abs
DC
+
∂n(k2)
∂t
∣∣∣∣CLS
DC
, (5.1)
where we defined
∂n(k2)
∂t
∣∣∣∣em/abs
DC
≡ ∂n(k2 |ω2 < ω1)
∂t
∣∣∣∣EP →
DC
− ∂n(k2 |ω2 < ω1)
∂t
∣∣∣∣EP ←
DC
(5.2)
∂n(k2)
∂t
∣∣∣∣CLS
DC
≡ ∂n(k2 |ω2 > ω1)
∂t
∣∣∣∣EP →
DC
− ∂n(k2 |ω2 > ω1)
∂t
∣∣∣∣EP ←
DC
− ∂n(k2)
∂t
∣∣∣∣PP →
DC
+
∂n(k2)
∂t
∣∣∣∣PP ←
DC
.
(5.3)
This is a trivial regrouping of terms, but allows us to take a big step forward in the derivation
of kinetic equations that account for the exact double Compton scattering probability. It also
naturally appears in the Gould limit by integrating only half of the emission profile.
In figure 10 we show how the total EP→ emissivity is divided in the em/abs and CLS
terms. We checked that the number density of emitted photon, i.e. the integral over k2, for
both processes amounts to half of the total (within numerical accuracy) as it should be since
the two photons are indistinguishable and the system is symmetric when the two emitted
photons energies are swapped. This implies that either part of the EP kernel account for
the emission of one single photon. Combined with the fact that the PP terms describe the
disappearance/reappearance of one of the photons present in the original distribution, we can
infer that, as wanted, the CLS term describes the scattering of one photon from one portion
to the phase space to another one, without adding or subtracting additional ones, whereas
the em/abs term is responsible for the latter effect. The em/abs term can be easily added to
thermalization/Boltzmann solvers such as CosmoTherm [8], as a pure source or sink term that
creates or destroys photons without energetically redistributing the existing ones. The CLS
term instead is number conserving and its kernel is (often narrowly) distributed around the
energy of the initial particle, in a similar fashion to the Compton scattering. In that sense, it
can be described by a Kompaneets-like evolution equation, however, we leave the development
of such a procedure to a future work. As pointed out also in [37], considering the CLS term
together with the Compton scattering, by assuming no resolution of the second photon, will
automatically prevent any divergence. We further note that the em/abs and CLS terms do
not conserve energy separately, but do when considered together.
In order to talk about a photon belonging to the em/abs term, we have to implicitly
assume that it has a high enough energy to be resolved by the system (ω2 > ωres, for some
system resolution if we wish). Given that ω2 < ω1, the other emitted photon must be likewise
resolved. As such, the process is always distinguished from a (1-loop) Compton scattering, and
therefore their probabilities do not interfere. In fact, the em/abs spectrum is now independent
of the cut-off wmini , a fact that we also verified numerically.
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Figure 10: The em/abs and CLS contributions to the total EP forward emissivity profile, according
to eq. (5.2) and eq. (5.1). The em/abs term captures the emission of an extra photon at low energies
(dark green region), while the CLS term the energy redistribution of the photon in the initial state
(light green region).
On the other hand, considering the CLS term, we have the opposite. The emission
of a photon with energy ω2 is paired with the emission of a photon whose energy can be
either above or below the system energy resolution. In the latter case, we have to assume
an agnostic approach and admit the possibility that the observed photon participated to a
Compton scattering rather than in a CLS [18]. As discussed in section 4.2.1, in this case
we can add the 1-loop Compton scattering probability and safely take the limit wmini → 0,
leaving the probability as a sole function of the system energy resolution (plasma frequency
in the astrophysical context). To circumvent the unsatisfactory problem of having to define
the plasma frequency, when we will discuss the CLS contribution to the energy redistribution
in a future work, we can consider the total correction to the Compton scattering at O(α3),
which is automatically integrated from 0 to ωmax.
Our findings and approximations can be applied to any distribution of photons and
electrons. However we argue that three limits cover the vast majority of cases needed in Cos-
mology: i) thermal electrons interacting with thermal photons (not necessarily with the same
temperature and with non-zero photon chemical potential), which is the case one encounter
in a vanilla primordial Universe; ii) highly energetic photons scattering on (low-temperature)
thermal electrons; and iii) highly energetic electrons scattering on (low-temperature) thermal
photons. The latter two can be relevant in non-standard energy release scenarios caused by
particle decay or primordial black hole evaporation [22, 38]. We now consider each in turn.
5.1 Thermal electrons and photons
To compare our results with the literature [8, 14], and assess what the impact of the correc-
tion on the thermal history could be, we use the improved numerical result to calculate the
emissivity in the case of thermal electrons, and blackbody photons. While discussing about
thermal particles, it is often useful to express frequencies in units of dimensionless electron
temperature θe ≡ kBTe/mec2. For this purpose we also introduce xi = ωi/θe. Assuming that
x0 ≈ x1 + x2 holds, one only needs to consider the forward emission process, while the DC
absorption process can be obtained using detailed balance. As stated above, we will also only
focus on the emission process, neglecting the CLS.
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In [8], it was argued that the emissivity due to DC scattering, at low frequencies and
close to thermodynamic equilibrium [θe ≈ θγ and n ≈ nPl ≡ 1/(ex − 1)] is given by
∂n(k2)
∂t
∣∣∣∣em/abs
DC
≈ 4α
3pi
σTNe
θ2e Ipl4
x32
[1− n(ω2) (ex2 − 1)] gth(x2, θe) , (5.4)
gth(x2, θe) ≈ G˜soft,th(θe) H˜DC(x2) ,
G˜soft,th(θe) ≈ 1
1 + 14.16 θe
,
H˜DC(x2) ≈ 1Ipl4
∫ ∞
2x2
dx0 x
4
0 nPl(x0)[1 + nPl(x0 − x2)]
[
x0
x2
HG
(
x0
x2
)]
,
Ipl4 ≡
∫
dxx4 nPl(x)[1 + nPl(x)] =
4pi4
15
≈ 25.98 .
(5.5)
Setting gth(x2, θe) = 1, we obtain the Lightman-Thorne approximation. The integral in
H˜DC(x2) can furthermore be approximated as [8]
H˜DC(x2) ≈ e−2x
[
1 +
3
2
x+
29
24
x2 +
11
16
x3 +
5
12
x4
]
, (5.6a)
which highlights that at high frequencies, the DC emissivity is exponentially suppressed by
e−2x, thus dropping faster than for BR. These expressions provide the main description for
the DC process in the computations of CosmoTherm. Here, we expand this result by adding
the improved scaling at low frequency, captured by the DC Gaunt factor, Gsoft(ω0, p), and
the improved Gould function, H(w,ω0, p), introduced here, overall yielding
gth(x2, θe) ≈
∫
dp p2fe(p, θe)
2pi2Ne
∫
dx0 x
4
0 nPl(x0)[1+nPl(x0−x2)]
Gsoft(ω0, p)w2H(w2|ω2<ω1, p)
Ipl4
.
(5.7)
Only one approximation enters here through the presence of stimulated DC scattering terms
∝ (1 + n1). In general, the angle integrals cannot be carry out independently, as the electron
carries away some of the energy, violating ω1 = ω0 − ω2. However, stimulated terms usually
only contribute at the few percent-level and for moderate temperatures the energy of the
“scattered” photon ω1 furthermore remains close to ω0. The approximation should thus suffice
for a broad range of temperature and extensions beyond this limit will be left to future work.
In figure 11 we show the results for different electron and photons temperatures, com-
paring the exact expressions obtained numerically with the approximation. To accelerate the
computations, we tabulated the required functions before carrying out the thermal averages.
We confirm that in the regime relevant in the early universe, assuming a vanilla thermal his-
tory, the approximation is good to better than 1% at low frequency, where most of the photon
are indeed created. On the other hand, the approximation deviates from the exact result at
high frequency as the temperature increases. This reflect the more complex structure of HG
with respect to the Gould result, one obtains when increasing ω0 and p (see figure 6 and 7
with respect to figure 2, left panel). However, the number of photons created at these ener-
gies is small compared to the soft photon part, such that the effect on the computations of
CosmoTherm should remain limited. Nevertheless, DCpack now allow us to accurately include
all these corrections for precise thermalization computations.
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Figure 11: Comparison of the exact (this work) and approximated DC emissivity. The electrons
are assumed to be thermal with temperature, θe, and the photons follow a Planck distribution at the
same temperature. Left – absolute value of Gth(x2, θe) = Ipl4 gdc(x2, θe). Thin lines represent the
analytic approximation, while thick lines are the exact numerical result. Right – fractional difference.
5.2 Thermal electrons and energetic photons
The results of the previous paragraph further simplify if we consider the scattering of non-
thermal mono-energetic photons on thermal electrons. In this regime, we can generally assume
that stimulated effect do not play a role: the energetic photons necessarily have to be few
in number to evade current constraints on spectral distortion amplitude. In addition, energy
conservation prevents the reverse process from being important. Equation (5.4) then becomes
∂n(k2)
∂t
∣∣∣∣em
DC
≈ 4α
3pi
σTNe(2pi
2)Nntγ
ω20
ω32
[1 + n2]
∫
dp p2fe(p)
2pi2Ne
Gsoft(ω0, p)w2HG(w2|ω2 < ω1) ,
(5.8)
where Nntγ defines the number density of the non-thermal photons around ω0. To compare
with the DC emission of the thermal plasma, we observe that the non-thermal DC emissivity
increases as
∂n(k2)
∂t
∣∣∣∣em
DC
∝ ω
2
0
ω32
(2pi2)Nntγ =
x20
θex32
(2pi2)Nntγ =
Ipl4 θ2e
x32
[
x20
x2th
Nntγ
NPlγ
]
, (5.9)
with the photon energy. Here, we used GPl2 =
∫
x2nPl(x) dx ≈ 2.404, NPlγ = θ3eGPl2 /(2pi2)
and xth = (Ipl4 /GPl2 )1/2 ≈ 3.287. The ratio x20/x2th can boost the non-thermal DC emissivity
by a large factor, however, in the remaining integral of eq. (5.8), Gsoft(ω0, p) causes a net
suppression at large ω0. For energy release scenarios in the early Universe and due to the
small number of thermal target electrons, this process is thus not expected to be able to
compete with the thermal DC production rate, given that Nntγ  NPlγ [see discussion in 38].
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5.3 Thermal photons and energetic electrons
The same procedure can be employed in the opposite case of thermal photons and mono-
energetic non-thermal electrons. From this we obtain
∂n(k2)
∂t
∣∣∣∣em
DC
≈ 4α
3pi
σTN
nt
e
Ipl4 θ2e
x32
[1 + n(ω2)] g
nt-e
dc (x2, p) (5.10a)
gnt-edc (x2, p) =
∫
dx0 x
4
0 n0(1 + n1)
Gsoft(ω0, p)w2HG(w2|ω2 < ω1)
Ipl4
, (5.10b)
where Nnte is the number density of the non-thermal electrons and we assumed Planckian
ambient photons at a temperature θγ = kTγ/mec2 = θe of the thermal electrons. Setting
gnt-edc (x2, p) = 1, we essentially recover the thermal DC emissivity but suppressed by the ratio
Nnte /Ne  1. No non-thermal absorption term is present, but DC emission is stimulated by
the presence of thermal photons around ω2.
In contrast to non-thermal photons considered above, the DC Gaunt-factor gnt-edc (x2, p)
rises strongly with the momentum of the non-thermal electron until 4 〈ω0〉th p ≈ 11θe p &
1. Here, 〈ω0〉th ≈ 2.7 θe is the average energy of the blackbody photon field. Before the
critical momentum pcr ' 0.09/θe is reached, we have gnt-edc (x2, p) ≈ (24.89/Ipl4 )(2p2 + 1) and
hence an enhancement of the DC emissivity by ' 2p2 for large p. Here we set the integral∫
dx0 x
4
0 n0(1 + n1) ≈
∫
dx0 x
4
0 n0 ≈ 24.89, since the up-scattered photon (ω1) will be moved
far into the Wien-tail of the ambient blackbody, such that stimulated effects become tiny.
For typical temperatures relevant to the cosmological thermalization problem, even momenta
up to pcr ' 100, can be expected. While this is unlikely to overcome the direct thermal rate,
because no absorption term is present this can still create a noticeable net contribution. In
addition, the inverse Compton up-scattering by the non-thermal electrons removes photons
from the ambient blackbody field [39–41] and the non-thermal DC photons may at least
partially replenish them. We leave a more detailed investigation to the future.
6 Conclusions
In this paper, we carried out a thorough analysis of the double Compton scattering process
covering a wide range of energies that are of interest to applications in cosmology and as-
trophysical plasmas, developing the code DCpack. This brings us one step closer to an exact
description of the DC mechanism using modern numerical methods, as already envisioned by
Mandl and Skyrme in their original work on this process [1].
We derived general expressions for the soft photon emissivity, that allows us to quickly
and reliably calculate the double Compton Gaunt factor for any initial particle state. This
expression can readily replace the approximations commonly used in any application that
requires the modelling of the DC scattering.
We accurately described the properties of the DC kernel beyond the soft photons ap-
proximation running a suite of numerical calculation. In this way, we assessed the deviations
from the standard approximation, that are sizeable at mildly relativistic energies. We also
review the role of Compton scattering divergences and radiative corrections, from the unusual
perspective of being interested in the emission of extra photons inside astrophysical plasmas.
In this context, we pointed out some problems related to residual divergences and the impact
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of stimulated terms in 1-loop QFT calculations, that are generally overlooked in the astro-
physics literature. We offer possible solutions related to the presence of plasma effect, that
have also been discussed by the QFT and plasma physics communities.
We introduced a procedure that allows us to separately describe the two aspects of the
DC scattering: the emission of extra photons and the energy redistribution of the existing
ones. With this, we find improved description for the DC emissivity, that we compare with
the standard approximations used for the cosmological thermalization problem [8], finding
good agreement for the conditions encountered in vanilla thermal histories, with small energy
release. On the other hand, we point to sizeable deviations that are found when considering
non-standard high energy injection scenarios, as for example discussed in [38], [41] and [22].
With DCpack, we can hope to explore these cases in the future.
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A Squared matrix element for double Compton
To obtain the differential DC cross section we need the squared matrix element, |M|2 = e6X, of the
process. It was first obtained by [1] and is also given in [19, pp. 235]:
X = 2 (a b− c) [ (a+ b) (2 + x)− (a b− c)− 8]− 2x [a2 + b2]− 2 [a b+ c (1− x)] ρ
− 8 c+ 4x
AB
[
(A+B) (1 + x) + x2 (1− z) + 2 z − (aA+ bB)
(
2 +
(1− x) z
x
)]
,
(A.1a)
where the following abbreviations were used
a =
1
κ0
+
1
κ1
+
1
κ2
, b =
1
κ′0
+
1
κ′1
+
1
κ′2
, c =
1
κ0 κ′0
+
1
κ1 κ′1
+
1
κ2 κ′2
, (A.1b)
x = κ0 + κ1 + κ2 ≡ κ′0 + κ′1 + κ′2 = y , z = κ0 κ′0 + κ1 κ′1 + κ2 κ′2 , (A.1c)
A = κ0 κ1 κ2 , B = κ
′
0 κ
′
1 κ
′
2 , ρ =
κ0
κ′0
+
κ′0
κ0
+
κ1
κ′1
+
κ′1
κ1
+
κ2
κ′2
+
κ′2
κ2
. (A.1d)
For the definitions of κi, κ′i we adopt those of the original paper from [1]:
m2e κ0 = −P ·K0 , m2e κ1 = +P ·K1 , m2e κ2 = +P ·K2 , (A.1e)
m2e κ
′
0 = +P
′ ·K0 , m2e κ′1 = −P ′ ·K1 , m2e κ′2 = −P ′ ·K2 , (A.1f)
with the standard signature of the Minkowski-metric (+ − −−). Here P = (E,p), P ′ = (E′,p′)
and Ki = (νi,ki) denote the relevant electron (P ) and photon (K) four-momenta.14 Introducing the
products αij = Kˆi · Kˆj = 1 − kˆi · kˆj = 1 − µij and λi = P · Kˆi = γ − pµei with µei = pˆ · kˆi, for
P ′ = P +K0 −K1 −K2 we then have15
κ0 = −ω0λ0 , κ1 = +ω1λ1 , κ2 = +ω2λ2 , (A.2)
κ′0 = ω0(λ0 − ω1α01 − ω2α02) , κ′1 = −ω1(λ1 + ω0α01 − ω2α12) , κ′2 = −ω2(λ2 + ω0α02 − ω1α12) .
These relations also immediately prove x + y ≡ 2x ≡ 2y ≡ 2(ω0ω1α01 + ω0ω2α02 − ω1ω2α12), which
can be helpful in analytic derivations.
14Henceforth bold font denotes 3-vectors.
15Note that in the following an additional hat above 3- and 4- vectors indicates that they are normalized
to the time-like coordinate of the corresponding 4-vector.
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B Squared matrix element for Compton scattering radiative corrections
The matrix element for Compton scattering radiative corrections was first evaluated by Brown and
Feynman [18] and 20 years later confirmed by Tsai and coworkers [26]. The process was also studied
in detail by [24, 25], using the results for the matrix element from [18].16 The expressions can be
simplified by separating contributions according to their properties. We shall use the same notation
as in Appendix. A. First we introduce a few auxiliary functions following Brown and Feynman:
y(κ0, κ1) = y(κ1, κ0) = arcsinh
(√
− (κ0 + κ1)
2
)
, (B.1)
h(y) =
1
y
∫ y
0
u cothudu =
pi2 + 6y2 + 12y ln(1− e−2y)− 6Li2(e−2y)
y
, (B.2)
G0(x) = − 2
x
∫ 1
1−x
ln(1− u)
u
du =
pi2 − 6Li2(1− x)
3x
, (B.3)
where −(κ0 + κ1) = ω0λ0 − ω1λ1 > 0 and Li2(z) is the Dilogarithm. The matrix element for the
process then takes the form |M|2rad = e6Xrad, where
Xrad(κ0, κ1, λ) = −
[
2Xdivrad(κ0, κ1, λ) + 2X
sym
rad (κ0, κ1) +X
asym
rad (κ0, κ1) +X
asym
rad (κ1, κ0)
]
. (B.4)
with three main pieces, a (symmetric) divergent part that depends on the ’photon mass’, λ
Xdivrad(κ0, κ1, λ) = [1− 2y coth(2y)]XCS(κ0, κ1) lnλ, (B.5)
XCS(κ0, κ1) =
(
1
κ0
+
1
κ1
)2
− 2
(
1
κ0
+
1
κ1
)
−
(
κ0
κ1
+
κ1
κ0
)
(B.6)
where XCS is related to the matrix element for the usual Compton process (cf. eq. (3.2)), which is
symmetric when switching variables, κ0 ↔ κ1. Defining a = 1κ0 + 1κ1 , ρ = κ0κ1 + κ1κ0 and A = κ0κ1we
then may express the symmetric and asymmetric parts of the matrix element as
Xsymrad (κ0, κ1) =
(
3
4
− 2y coth(2y)[2h(y)− h(2y)]
)
XCS + y coth(y) (4 + a+ ρ)h(y)
− 2y tanh(y)
(
1− a
2
)
+ y2
(
2− 1
A
+
3
2
ρ
)
+
a2
4
(1− 2Aa)
+ ln(4|A|)
[
y csch(2y) (1− 3a+ ρ) + 1
2
(
1 + a− 2
A
)
−2y coth(2y)
(
1 +
a
2
+ ρ− 1
A
)]
,
(B.7)
Xasymrad (κ0, κ1) = −
2κ0 + κ1
2κ1(1− 2κ0) +G0(κ0)
(
2κ20
κ1
+
κ1
2κ20
+ 2κ0 + κ1 +
1
κ0
− 3
2κ1
+
κ0
κ1
− 1
)
+ ln(2|κ0|)
{
2y csch(2y)
[(
2
κ0
+ κ1
)
1− κ1
κ0
− κ1
]
+
3 + 2κ1
κ0
− 2− κ1
κ20
+
κ21 − κ0(1 + κ1 + 2κ21)
κ1(1− 2κ0)2
}
.
(B.8)
We note the identity 2y coth(2y) = ∆0p0 ln (∆0 + p0) with ∆0 = 1− κ0 − κ1 = 1 + λ0ω0 − λ1ω1, which
is important when discussing the cancellation of infrared divergences (section 4.2.1).
16Note a typo in eq. (III.5) of [24], where 4y sinh(y)(κτ)−1 → 4y sinh(2y)(κτ)−1. Also, in the forth line in
eq. (30) of [18] a spurious parenthesis is present.
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C Integration boundaries
In order to perform an efficient numerical integration, it is useful to use properly defined integration
boundaries, instead of integrating a function which is equal to zero in a vast portion of the domain.
Naively assuming that in a double Compton scattering all particles can scatter in any direction, one
would fall exactly in this unfortunate case. Let us recall that to obtain the DC collision term we
have to integrate over 6 angular variables µe0, µ01, µ02, φe, φ1, φ2. In principle the polar angles vary in
[−1, 1] and the azimuthal angles in [0, 2pi). However, the considerations about energy made in section 4
imply that the integration domain is effectively reduced. We start by noticing that the system has
to be invariant under rotations around zˆ. This is corroborated by the fact that the integrand do not
have an absolute dependence on the azimuthal angles, but rather to their difference. Hence, we can
assume to align the coordinate system is such a way that φ2 = 0. The integration over this variable is
therefore trivial, and can be performed right away. We choose this specific frame rather then the one
with φe = 0 because in the electron rest frame µe0 and φe are indeterminate. Since our rest frame is
independent of the electron speed, all the equations we present are valid for any combination of initial
energies. Since the electromagnetic interaction is parity invariant, we can further restrict φe in [0, pi],
arguing that the other half of the circle can be obtained with a parity transformation. The result
has then to be multiplied by 2× 2pi to account for the trivial integration just discussed. In summary,
exploiting its symmetries we reduced the problem to a 5 dimensional integral over µe0, µ01, µ02, φe, φ1,
with the caveat that φe ∈ [0, pi].
The boundaries on the other variables can be obtained imposing eq.(4.6), and the energy con-
servation constraint. By an explicit algebraic calculation, it can be shown that these two conditions
are equivalent to
γ (1− βµe0)− γ w2 (1− βµe2)− ω0 w2 (1− µ02)
−wmini [γ (1− βµe1) + ω0 (1− βµ01)− w2 ω0 (1− µ12)] ≥ 0 ,
(C.1)
where, for i, j = e, 1, 2,
µij = µ0i µ0j + cos(φi − φj)
√
1− µ2i
√
1− µ2j . (C.2)
In principle we can find all the extreme points numerically, or even with an exact analytical analysis,
but while the first is computationally expensive, the second is rather unstable when implemented
in the numerical code. We find more cost-effective to use an hybrid approach that relies on some
approximations. Eq. (C.1) is solved analytically for µ02, assuming fixed all the other parameters,
in order to find the exact µ02 boundaries. With this approach we will end up with a handful of
combination µe0, µ01, φe, φ1 that do not allow any valid µ02 value. Those unphysical configurations
are therefore discarded later on. Since all terms where µ01 and φ1 appear are suppressed by a factor
wmini , both parameters have little influence on the “bulk” of the integration domain. For this reason
we do not restrict their domain. To restrict the domains of µe0 and φe instead of solving eq. (C.1),
we study
Num ≡ γ (1− βµe0)− γ w2 (1− βµe2)− ω0 w2 (1− µ02) ≥ 0 . (C.3)
Notice how this is equivalent to taking wmini = 0. The advantage is that eq. (C.3) only depends on
µe0, µ02, and φe, making the problem more manageable both from the analytical and numerical point
of view. We start from µe0. After finding the extreme µ02 and φe analytically solving ∂µ02Num =
∂φeNum = 0, since Num is a continuous function, we can find the µe0 boundaries solving numerically
Num = 0. For fixed µe0, the same can be done for φe: we find analytically the extreme µ02, and then
find numerically φe. Since the domain of all the other parameters is determined independently from
µ02, we can treat the latter as the innermost integration variable, and assume all the other parameters
are fixed. Hence we can recast eq. (C.1) in the form
a+ b µ02 ≥ c
√
1− µ202 , (C.4)
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Figure 12: Polar angles integration domain for different w2. ω0 < ωcrit0 .
where
a ≡ γ − β µe0 γ − w2 ω0 − w2 γ + µ01 wmini ω0 + β µ01 µe0 wmini γ ,
+ w2 w
min
i ω0 − wmini ω0 − wmini γ + β
√
1− µ201
√
1− µ2e0 wmini γ cos(φ1 − φe) ,
b ≡ β µe0 w2 γ − µ01 w2 wmini ω0 + w2 ω0 ,
c ≡ β
√
1− µ2e0 w2 γ cos(φe)−
√
1− µ201 w2 wmini ω0 cosφ1 .
The solutions therefore are{
c = 0 ∧ b 6= 0
µ02 ≥ −ab
∨

c > 0
(b < 0 ∧ µ02 ≤ −ab ) ∨ (b > 0 ∧ µ02 ≥ −ab ) ∨ b = 0
µ02 ≤ µ−02 ∨ µ02 ≥ µ+02 ∨ ∆ < 0
∨

c < 0
[(b < 0 ∧ µ02 ≤ −ab ) ∨ (b > 0 ∧ µ02 ≥ −ab )
∨ (b = 0 ∧ ∆ ≥ 0) ∨ (µ−02 ≤ µ02 ≤ µ+02 ∧ ∆ ≥ 0)]
(C.5)
where
µ±02 ≡
−a b±√∆/4
b2 + c2
,
∆
4
≡ c2 (b2 + c2 − a2) .
In figure 12 and 13 we show how the exact integration domain changes for various w2 values, respec-
tively in the case ω0 < ωcrit0 and ω0 > ωcrit0 . It can be appreciated how the critical points coincide
with changes in the integration domain.
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